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1 Introduction

The study of networks has caught the eye of not only the mathematical community but also of
physicists from all over the globe in the recent years. The mathematical appeal inherent in many
real life networks such as social networks, chemical networks and traffic networks has garnered
considerable attraction. One such popular graph network is the corona networks. Spectral
properties of various types of corona networks in terms of different types of matrices have been
studied over the years. For an insight into this field one may look up Barik et al., 2007; Barik
& Sahoo, 2007; Chen & Liao, 2017; Cui & Tian, 2012; Doley et al., 2020; Hou & Shiu, 2010;
Mahanta et al., 2021; McLeman & McNicholas, 2011; Tahir & Zhang, 2020; Wang & Zhou,
2013; Zhang, 2013. In this work, we will be considering corona and edge corona networks.

Most of the works carried out in this end have been based on unweighted graphs. But when
it comes to capturing information of interactions among the adjacent vertices, weighted graphs
turn out to be handy. Bearing this is in mind, we propose a weighted version of corona networks
and of edge corona networks.

Now we give some important definitions that we have used in our work.

Definition 1. First Zagreb index:(Gutman, 2013) The first Zagreb index of a graph G is
defined as
Mi(G) =) _di= " (dy+dy).
veV wer
Definition 2. Second Zagreb index:(Gutman, 2013) The second Zagreb index of a graph G
1s defined as

wek
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Definition 3. Let G1 and G2 be two simple graphs. Then the Corona product of two graphs
(Frucht & Harary, 1970) G1 and Gy denoted by G10 Gy is the graph obtained by taking one copy
of G1 and |V (Gy)| copies of Go and joining the i*" vertex of Gy to every vertex in it copy of
Gs.

Definition 4. Let Gy be the initial graph with order ni and size my1, Go be the copy graph with
order na and size ma respectively. The edge corona (Liu et al., 2020) G10Go of Girand G is
obtained by making one copy of G1 and mq copies of Gy, connecting each vertex of the it" copy
of G to the two end vertices of the it" edge of Gy.

Suppose that the initial graph G is a simple unweighted graph and the copy graph G, is a
weighted graph with each edge having a weight factor r, 0 < r < 1. Then we have two special
types of weighted corona networks arising out of the above corona networks.

For a clear understanding, let us consider an example where we take G; = K3 and Gy = K.

Figure 2: G1, G> and G ¢ Gy

The rest of the paper is organised as follows. In section 2, we obtain the Zagreb spectra, of
the weighted corona network followed by linking the Zagreb spectra with its adjacency, Laplacian
and signless Laplacian spectra. In section 3, we give the the Zagreb spectra, of the weighted
edge corona networks. Thereafter we link their Zagreb spectra with their adjacency, Laplacian
and signless Laplacian spectra. The concluding remarks are made in section 4.

2 Zagreb spectra of the weighted G o G,

Theorem 1. Let Gy be the di-regqular graph with order ni and size my, Go be the da-reqular
graph with order ns and size mo each of which has weight factor r, respectively. Then the
eigenvalues of Z1(G10G2) are (dy +rng)? with multiplicity n1 and r?(ds + 1)2 with multiplicity
ning respectively.

Proof. The proof can be easily obtained because

(dl + rn2)2In1 On1n2

Z1(G10G9) =
1{Gro o) Onyng TZ(dQ"‘l)QIan
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Theorem 2. Let G be the di-reqular graph with order niand size my1, Ga be the dy-reqular graph
with order ny and size my each of which has weight factor r, respectively. Assume that the second
Zagreb spectra of G1 and Go are o(G1) = {)\gl), )\él), A )\5111)} and o(Gsy) = {)\9), )\52), ol )\%22)}.
Then the spectra of Z2(G1 o Ga) are as follows

o \ € Z5(Gy o Ga) with multiplicity 1 where X is the roots of the equation

d2N2 )\ (r%ﬁdQ(dQ +1)2 4 (dy + n2r)2A§1>) + (dQAZ@ - ngdf) r2(dy +nar)2(da + 1) = 0.

°o \= (dgcjl) /\ fOT’j =1,2,. — 1, with multiplicity n;.
2
Proof. Suppose that J,, is the row vector with order ns whose all elements are 1. In view of
the construction of the weighted G o G it gives the second Zagreb matrix as follows

M Zo(G1) 7(dg + 1)(d1 + nar) [Jn, @ In, ]

Zy(G10oGa) = 2
r<d2 + 1)<d1 + ng?“)[Jn2 ® [nJT %[ZQ(GQ) ® I?’Ll]

Consider the eigenvector of Z3(G10G2) corresponding to the eigenvalue Aas X = [X;Xo. .. Xn2+1]T
where X; € R™. One obtains a part of desired results from the below two cases with A #
T2d2(d2 + 1)2.

Case 1: Non zero vector Xj.

i

(dl + 7’@’/‘)2

2 ZQ(Gl)Xl —|—T(d2+1)(d1 —|-TL27‘)In1 (X2+X3+"'+Xn2+1) = A\X1. (1)
1

i—1 no—1

Let E; = (05,00 -+ 0py Iy 04,05, + -0y, ). Then

r(da + 1) (di + nar) IT Xy + <d2+1> E1[Z5(Gs) @ In ][ X2+ Xpyi1]T = AXo,
r(da + 1) (di + nar) IT X + <d2+1) E5[Z5(G2) @ I, |[Xs -+ Xnys1]T = X3,

2

r(dy +1)(d1 + nor) I X1 + (dﬁl) En,[Z22(Go) @ I ][ X -+ Xpy1)T = AX i1

Therefore
(d2 + 1)2
d3
nar(ds + 1)(dy + TZQT)I Xl
A — Tzdg(dg + 1)

Tlg’l“(dz —+ 1)(d1 —+ HQT)IT X1+ d2T2d%(X2 + Xz +--- 4 Xn2+1) = )\(Xg 4+ .-+ Xn2+1)

= (Xo+ -+ Xppp1) =

Putting this value in Eq. 1 and simplifying we get

2 ) , )
MZ2(G1>X1 = N — r (d2 + 1) (dl + nQTQ) no ¥
" A = r2dy(dy + 1)

If the second Zagreb spectra of G is 0(G1) = {)\(1) /\(1) ,)\5111)} then

(dl + Tl2’f’)2 /\(1) — 0\ 7‘2(d2 + 1)2(d1 + 77/27")2”2.

4> : A —r2dy(dy + 1)
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From this we have
A — X (ﬂd?dg(dg P12+ (dh + ngr)2)\z(.1)> n (M@ - ngdf) r2(dy + nar)2(da +1)2 = 0. (2)
Case 2: Zero vector X;.

r(d2 +1)(di +mnor) In,(Xo+ -+ X, 1) =0,

(d2 +1)°

2 [Z5(G2) @ In, ] [X2 -+ Xpyr1] = A[Xo -+ Xppa] -
2

If 0(G2) = {)\?), )\52), cey /\7(122)} then one can straightforward get that

(d2+1)° 2

A= 2 ;

7j:1727'-'7n2_17 (3)

with multiplicity n;.
Now from Eq. 2 and Eq. 3 we obtained (ng — 1)n; + 2n1 = nj + ning eigenvalues of
ZQ(Gl ¢} Gg)
L]

Now it will be interesting to compute the Zagreb spectra of weighted corona networks of two
different graph structures in association with the adjacency, Laplacian and signless Laplacian
spectra of these graphs.

2.1 Zagreb spectra of the weighted G, o GG, in terms of adjacency spectra

Consider J,, denote the row vector with order ns and all elements are 1. According to the
construction of G o Ga, it gives the generalized second Zagreb matrix as follows

- (dy + nor)2A(Gh) r(ds + 1)(dy + nor) [Ty ® In,]
Z(GroGa) = < F(dy +2)(cy + dynar) o @ I 1T o(ds & 12[A(Ga) & 1, ] ) :

From this we have the following theorem. The proof of the theorem being similar to the one
done previously, we have omitted it to avoid repetition.

Theorem 3. Let Gy be a di-reqular graph with order ni and size my, Go the da-reqular graph
with order ng and size mo each of which has weight factor r, respectively. Assume that the adja-
cency spectrum of G1 and Gy are o(G1) = {)\51), )\;1), R )\Sl)} and o(Gg) = {/\9), )\gQ), ol )\%22)}.
Then the generalized second Zagreb spectra of Za(Gy o Gg) are as follows.

o \ € Z5(Gy o Ga) with multiplicity 1 where X is the roots of the equation
A2\ (r2d2(d2 Y124 (dy o+ nzr)2A§1)) v (M@ - n2) r2(dy + nar)(dy +1)% = 0,
i=1,2,...,n.

o r(dy + 1)2)\5»2) € Zy(G1 o Ga) with multiplicity ny, j =1,2,...,n9 — 1.

2.2 Zagreb-Laplacian spectra of the weighted G; o G,.

Consider J,, denote the row vector with order ns and all elements are 1. According to the
construction of G o Go, it gives the generalized second Zagreb matrix as follows

(dl + 7”L27‘)2(—L(G1) + dllnl) ’l“(dg + 1)(d1 + RQT)[Jn2 X Inl] ) .

Z5(GroGy) = ( r(ds + 2)(d1 + dinor) [T, ® BGOIT (s + 2)2[(~L(Ga) + rdaln,) & L]

From this we have the following theorem. The proof has been omitted to avoid repetition.
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Theorem 4. Let Gy be a di-reqular graph with order ni and size my, Gy the da-reqular graph
with order ng and size my each of which has wezght factor r respectwely Assume that the Lapla-
cian spectrum of G1 and G are [(G1) = {,ul ,,u(l) ...,um } and I(G9) = {,u?),ug ), e ,,u%)}.
Then the generalized second Zagreb spectra of Za(Gy o Gg) are as follows.

o 1 € Z3(G1 o Go) with multiplicity 1 where 1 is the roots of the equation
1= p <7’2d2(d2 +1)? + di(d1 +nor)? — (d1 + nzT’)QMEl)) +
<d1d2 —ng — d2 ( )> 7“2(d2 + 1)2(d1 + TLQT)z =0,t=1,2,...,n1.

r(dy + 1)2(—u§2) + rdy) € Zo(G1 o Ga) with multiplicity ny, j =1,2,...,n9 — 1.

2.3 Zagreb-Signless Laplacian spectra of the weighted G o G,

Consider J,, denote the row vector with order ns and all elements are 1. According to the
construction of G o Go, it gives the generalized second Zagreb matrix as follows

e QGY) —diLy)  r(de 4 1)(dr + ner) [y © I ]
Z5(Gr0G) = ( r(dy+ )yt ) & LT r(da - 12((Q(Ga) ol & L] > :

From this we have the following theorem. The proof has been omitted to avoid repetition.

Theorem 5. Let Gy be a di-reqular graph with order my and size my, Go the do-regqular
graph with order ny and size mo each of which has weight factor r, respectively. Assume that
the signless Laplacian spectrum of Gy and G are s(G1) = {551),59), . .,5&11)} and s(Gq) =
{5(2) 6 ..,57(122)}. Then the generalized second Zagreb spectra of Za(G1 o Ge) are as follows.

e 0 € Zy(Gy o Ga) with multiplicity 1 and 0 is the root of
6% — 6 (rda(dy + 1)* = dy (dy + nor)? + (dr + nor) 20 ) +
+ <T2d2(52-( ) _ T2d1d2 —r n2> (d2 + 1) (di + TZQT)Q =0,t=1,2,...,n1.

r(de + 1)2(5§2) —rdg) € Z3(G1 o Ga) with multiplicity nq, j =1,2,...,n2 — 1.

3 Zagreb spectra of the weighted G, ¢ G»

Theorem 6. Let G be the di-reqular graph with order niand size my1, Ga be the da-reqular graph
with order ny and size my respectively. Then the eigenvalues of Z1(G1 ¢ G2) are (di + rd1n2)2
with multiplicity n1 and 2 (do + 2)2 with multiplicity mine respectively.

Proof. The proof can be easily obtained because

(dl + rdan) ni Om1n2

Z1(G10oGo) =
1( 1 <& 2) 0m1n2 712 (d2 + 2)21m1n2

O]

Theorem 7. Let Gy be the di-regular graph with order niand size my, Go be the da-regular
graph with order no and size mo respectively. Assume that the second Zagreb spectra of G1 and
G are 0(Gy) = {/\§1),A§1),...,A£ﬁ)} and o(Gg2) = {)\ (2),...,)\%22)}. Then the spectra of
Z5(G1 o Go) are as follows
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((dr + dinar)? AL+ rd3d, (da + 2)2)2 —a(-a3)
—(d1+dinar)? /\} —rd§d2(d2+2)2i (do i 2)2(dy + dynor)?

(—dar )\Jl + nor? )\; + 'r2n2d‘;’)

.A172: _Qd% ,j:1,2,...7n1’
with multiplicity 1.
2
o )\ = %)\? for 3 =1,2,...,n9 — 1, with multiplicity m;.
2

o \=1r2dy(dy + 2)2 is also an eigenvalue with multiplicity mq — ny (if possible).

Proof. Suppose that J,, is the row vector with order ny whose all elements are 1. In view of
the construction of the weighted G1 ¢ G it gives the second Zagreb matrix as follows

2
Zs (G 0 G) O 2(Gh) r(dy +2) (di + dinor) [T, © B(G1)]
2 1 2) = ,
P (s +2) (dy + diar) [y © B (G)] @2 (7,(Go) © Iy

Consider the eigenvector of Z(G10G9) corresponding to the eigenvalue A as X = [X1 X ... XnQH]T,

where X7 € R™ and X; € R™ otherwise. One obtains a part of desired results from the below
two cases with A # r2dy(dy + 2)°.
Case 1: Non zero vector Xj.

dy + dinar)?
WZQ (G1) X1 + 7 (dg + 2) (d1 + dinor) B(G1) (Xo + X3+ -+ + Xnya1) = AX1. (4)
1
i—1 ng—1
2
Let Ez = Oml . Oml Iml Oml s Oml- Then

2
T(dg + 2)(d1 + d1n27‘)B(G1)TX1 + %El [ZQ(GQ) & Iml][XQ cee Xn2+1]T = A X>,

2
r(dy + 2)(dy + dinor) B(G1)T X1 + %EQ[ZQ(GQ) @ I, /[ X2 -+ Xnpy1]T = AX,

' 2
r(dy + 2)(dy + dinor) B(G1)T X1 + %En [Z2(G2) @ I, |[ X2 Xnyia]T = AXnya1.
Therefore

(dy +2)°

ngr(dg + 2)(d1 + leLQT)B(Gl)TXl + 72
2

dor’d3(Xo 4+ X3+ ... Xppi1) =

TLQ’I“(dQ + 2)(d1 + leLQT)B(Gl)TXl

AXo 4+ Xppi1) = (Xo 4+ Xnyi1) =
(Xo 2+1) = (Xo 2+1) N — r2dy(dy 1 2)°

Putting this value in Eq. 4, we get

(di + dlngr)2
4

r(dy + 2)(dy + dinor) B(G1)nar(dy 4 2)(dy + dingr) B(G1)T Xy
A — r2dy(dy + 2)?
2 T2(d2 + 2)2(d1 + dlngT‘)QnQ.%
(d1 + diner) di
3 A — 12dy(dy + 2)°

T2(d2 + 2)2(d1 —+ d1n2T)2n2d1
- ) Xy
A — T2d2(d2 + 2)

Z(Gl)Xl—l- =AX;

Zy(Gh) X1

If the second Zagreb spectra of G is 0(G1) = {)\gl), )\gl), e ,)\,(111)} then

2 2.1
(di1 + dmgr)Q r?(dy 4 2)*(d1 + dinyr) n2- g RO r2(dy + 2)2(d1 + dlngr)2n2d1
d% A — r2dy(dy + 2)2 ! A —r2dy(da + 2)2
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From this we have

—d3 N2 + {(dy + dinar)® AL + r2d3dy(do + 2)*}A + (da + 2)*(dy + dinar)?—

(5)
—7”2d2 )\]1 + 7“27”62 )\Jl + T2n2d? = 0.
Case 2: Zero vector X;.
r (dg + 2) (dl + dlngr) B (Gl) (X2 + ..+ Xn2+1) =0
dy +2)?
% 25 (G2) @ I, ] [Xa ... Xnyr1] = A[Xa .. Xpyia]”
2
If 0(Ga) = 0(G2) = {)\52), )\52), e /\7(122)} then one can straightforward get that
dy +2)?
A= ADTe oy (6)

2 j7 <
d2

with multiplicity my
Now from Eq. 5 and Eq. 6 we obtain (n2 — 1)my + 2n; eigenvalues of Z5(G1 ¢ G2). Hence
A= 7’2d2(d2 + 2)2 is also an eigenvalue with multiplicity m; — n1.
OJ

Now we compute the Zagreb spectra of weighted edge corona networks of two different
graph structures in association with the adjacency, Laplacian and signless Laplacian spectra of
the graphs.

3.1 Zagreb spectra of the weighted G; ¢ GG; in terms of adjacency spectra

Consider J,, denote the row vector with order ns and all elements are 1. According to the
construction of G ¢ Ga, it gives the generalized second Zagreb matrix as follows

(dl + leLQT‘)QA(Gl) T(d2 + 2)(d1 + danT) [JHQ ® B(Gl)] ) )

£r{GroGa) = ( F(da +2)(dy + dynor)ny © BGOIT  1(da + 2)2[A(G) © Ly

From this we have the following theorem. The proof has been omitted to avoid repetition.

Theorem 8. Let Gy be a dy regular graph with order ny and size my, Gy the do regular graph with
order no and size ma each of which has weight factor r, respectively. Assume that the adjacency
spectrum of G1 and Gy are o(G1) = {)\gl),)\;l),...,)\,(lll)} and o(Gsg) = {/\9),)\%2),...,)\%2)}.
Then the generalized second Zagreb spectra of Za(G1 o Ge) are as follows.

(d1 +d1n2r)2)\§1)+7‘2d2 (d2+2)2:|:\/((d1 +d1n27‘)2)\§1)+7‘2d2(d2+2)2)274(d1 +d1n27“)2(d2+2)2(7“2d277“2n2))\§1)7T2n2d1
2
2(G1 o Ga), with multiplicity 1, i =1,2,...,n;.

o r(dy + 2)2)\5-2) € Zs(Gy o Ga) with multiplicity my, j =1,2,...,n9 — 1.
e r2dy(ds + 2)% € Z5(G1 o Ga) with multiplicity mq — ny (if possible).

3.2 Zagreb-Laplacian spectra of the weighted G, ¢ G5

Consider J,, denote the row vector with order ny and all elements equal 1. According to the
construction of G ¢ Ga, it gives the generalized second Zagreb matrix as follows

(dl + dan’r)Q(—L(Gl) + dllnl) T(dQ + 2)(d1 + d1n2T)[Jn2 &® B(Gl)] > '

22(G10G2) = < r(dy + 2)(dy + dinar) [y ® BGOIT 1(ds + 2)2[(— L(Ga) 4 rdol,) & I

From this we have the following theorem. The proof has been omitted to avoid repetition.
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Theorem 9. Let Gy be a dy regular graph with order ny and size my, Gy the do regular graph with
order no and size ma each of which has weight factor r, respectively. Assume that the Laplacian

spectrum of Gy and Go are [(Gy) = {,ugl), uél), . ,,uq(q,ll)} and [(Gy) = {u?),pg), ey u%)}. Then
the generalized second Zagreb spectra of Za(G1 o Ga) are as follows.

o u € Zy(Gy o Gy) with multiplicity 1 where p is the roots of the equation p? + u[(dy +
dlngr)Qul(-l) —12dy(dg + 2)% — di(dy + dinar)?]+
+(dy + dlngT)Q(dQ + 2)2T2(—d2u§1) + nzugl) +didy —2ding) =0,i=1,2,...,n;.

o r(dy+ 2)2(—,u§2) + rdy) € Zo(G1 o Ga) with multiplicity my, 7 =1,2,...,n9 — 1.

o r2dy(dy + 2)% € Z3(Gy o Ga) with multiplicity my — ny (if possible).

3.3 Zagreb-Signless Laplacian spectra of the weighted G; ¢ G,

Consider J,, denote the row vector with order ng and all elements are 1. According to the
construction of G ¢ G, it gives the generalized second Zagreb matrix as follows

ZQ(G1<>G2) _ ( ) (d1 + d1’l’L2’f’)2(Q(G1) — dllnl) ’I"(dg + 2)(d1 + dlng’l“) [Jn2 [ B(Gl)] ) .

(dg + 2)(d1 + dﬂlg?’)[Jm X B(Gl)]T T(dg + 2)2[(Q(G2) — ngfnz) ® Iml]
From this we have the following theorem. The proof has been omitted to avoid repetition.

Theorem 10. Let G1 be a di regular graph with order ny and size my, Go the do reqular
graph with order ny and size mo each of which has weight factor r, respectively. Assume that

the signless Laplacian spectrum of G1 and Gy are s(G1) = {651),551),...,5,(111)} and s(G2) =
{(5&2), 552), e 57(122)}. Then the generalized second Zagreb spectra of Za(Gy o Ga) are as follows.

e § € Z3(Gy o Gy) with multiplicity 1 and § is the root of 62 + 8[(dy + dinar)?(dy — 51-(1)) —
r2dy(dy + 2)2] — r2(dy + dinor)?(da + 2)2[drdy — dod) + 6] =0, i =1,2,...,n.

07’d2+22(5(-2)—7“d2 € Zo(G1 o Ga) with multiplicity m1, j =1,2,...,n9 — 1.
( )*(6; plicity m1, j =1,2,...,

o r2dy(dy + 2)? € Zo(Gy o Go) with multiplicity my — ny (if possible).

4 Conclusion

In this work, we look into the Zagreb spectra of weighted corona and edge corona networks of
two different graph structures and an attempt has been made to link their Zagreb spectra with
the adjacency spectra, Laplacian spectra and signless Laplacian spectra. As a future scope,
it will be interesting to study the Zagreb spectra of such structures for different values of the
weight factor r other than [0, 1].
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